Existence of C 1,1 critical sub-solutions of the Hamilton-Jacobi equation on compact manifolds
with a special emphasis on sub-solutions. A function u : M −→ R is called a sub-solution of (HJ) if it is Lipschtiz and satisfies the inequality H(x, du x ) c at all its points of differentiability. Note that this definition is equivalent to the notion of viscosity sub-solutions, see [3] . The goal of the present paper is to present a short and selfcontained proof of:
Theorem Let H be a Tonelli Hamiltonian. If the Hamilton-Jacobi equation (HJ) has a sub-solution, then it has a C 1,1 sub-solution. Moreover, the set of C 1,1 sub-solutions is dense for the uniform topology in the set of sub-solutions. Addendum If there exists a sub-solution of (HJ) which is strict on the open set U , then there exists a C 1,1 sub-solution which is strict on U .
We then obtain the important:
Corollary There exists a critical C 1,1 sub-solution which is strict outside of the Aubry set.
We refer to the literature, for example [3] and [4] , for the definition of the Aubry set. The Corollary holds if there exist sub-solutions which are strict outside of the Aubry set. This fact is proved in [4] . In the paper of Fathi and Siconolfi, finding a strict sub-solution is a key technical step in order to buid C 1 sub-solutions. In our approach, the problems of finding strict and regular solutions are independant. We do not improve on [4] for the existence of strict sub-solutions, which is an important problem in itself.
Let us now proceed to the proof. It is necessary to start with more definitions. We define the Lagrangian L : T M −→ R associated to H by the relation
Then we define, for each t 0, the action functionals A t :
where the minimum is taken on the set of curves γ ∈ C 2 ([0, t], M ) which satisfy γ(0) = x and γ(t) = y. Following Fathi, we define the Lax-Oleinik semi-groups T t andT t on C 0 (M, R) by
Fathi proves in his book that a function u is a sub-solution of (HJ) if and only if the functions t −→ T t u(x) and t −→ −T t u(x) are non-decreasing. As a consequence, both the operators T t andT t , t 0, preserve the set of sub-solutions. Another important property of these semigroups is that, for all t > 0 and all continuous function u, the function T t u is semi-concave and the functionT t u semi-convex. We say that a function u is semi-concave if it can be written
with a bounded family F ⊂ C 2 (M, R) of functions. Similarly, a function is called semi-convex if it can be written u(x) = max f ∈F f (x). See for example [1] for more on semi-concave functions. It is known that a function is C 1,1 if and only if it is both semi-concave and semi-convex, see [3] or [1] . If u is a sub-solution of (HJ), then for each s 0 and t 0, the function T sTt u is a subsolution. SinceT t u is semi-convex, the Theorem follows from the following result, which may have other applications.
Proposition Let H be a Tonelli Hamiltonian. For each semi-convex function v, the function T s v is C 1,1 for each sufficiently small s > 0.
In order to prove this proposition, it is enough to prove that the function T s v is semiconvex for small s, since we already know that it is semi-concave for s > 0. Let us write v(
Now for each f ∈ F , let us call Γ f the graph of the differential of f in T * M , which is a C 1 Lagrangian manifold transversal to the verticals. It is known that, for each f , there exists a time s 0 > 0 such that, for s ∈ [0, s 0 ], the image ψ s (Γ f ) of Γ f under the Hamiltonian flow ψ s is the graph of a C 2 function f s . In addition, we have f s = T s f . Since the Graphs Γ f , f ∈ F are contained in a common compact set and are uniformly transversal to the verticals, the time s 0 can be taken uniformly for all these graphs, and in addition the family F s of the C 2 functions
is semi-convex for all s s 0 . This ends the proof of the Proposition, and of the Theorem.
Last remark If u is a viscosity sub-solution of the critical Hamilton-Jacobi equation, then there exists a C 1,1 critical sub-solution v whose restriction to the Aubry set is equal to u.
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